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ABSTRACT 

We subject the methodology used to derive the effective dynamics of topological defects to 
a critical reappraisal, using the two-dimensional kink as an illustrative example. Special 
care is taken on how the zero modes should be handled in order to avoid overcounting of 
degrees of freedom. This is an issue that has been overlooked in many recent contributions 
on the derivation of domain wall effective actions. We show that, unless such redundancy 
is completely removed by means of a sort of gauge-fixing, the expression obtained for 
the effective action will not be consistent. We readdress some earlier calculations over 
the existence of curvature corrections in the light of the previous discussion and briefly 
comment on the application of this method to higher dimensional topological defects. 
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§1 Introduction 



Whenever we have a field theory with a set of vacua given by a non-connected space 
there is the possibihty of having different regions in space living on different vacuum 
sectors. Two such regions will meet at what is generally named a topological defect, i.e. 
a thin hypersurface where the field rapidly evolves from one vacuum to the other. 

Field configurations of this kind will be stable against decay into any of the true 
vacua provided that all such space regions are of an infinite volume, as in this case one 
would need an infinite amount of energy to wipe the domain wall(s) off the game. As a 
consequence, the space of finite energy field configurations will itself also be composed of 
a number of disconnected sectors, each of them being characterized by the asymptotics 
of the relevant field. 

The simplest example giving rise to this behavior is provided by the two-dimensional 
spontaneously broken theory: 



d X 



The set of vacua for this theory, given by the field configurations = ±1, allows for the 
existence of a so-called topological sector in field space, characterized by the asymptotic 
behavior 

(^^±1 for x^ioo, (1.2) 

respectively. 

The lowest energy solution in this sector obeys the equation 

-dl^^^m'i^l-l)^,^^, (1.3) 

and it is explicitly given by 

<Ac(^)=th(^^x). (1.4) 

It describes a localized finite-energy configuration, the /cm/c, with a typical width of the 
order 1/m and sitting at rest on the origin. With a mass Mx ~ m/\^, it is clearly a 
non-perturbative solution of the equations of motion. We can say that the location of the 
kink's core is what can be identified as the topological defect separating the two vacua. 

Small perturbations around the static kink are governed, to the lowest order, by the 
equation 

-d^S^it.x) = [-dl + m\3^^{x)-l)]5^{t,x). (1.5) 

The spectrum of the operator on the right-hand-side consists of two "bound states" 
and a continuum of "scattering states" labeled by their momentum [1][2]. 
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The lowest mode SipQ = (// is actually a zero energy perturbation. It denotes the 
presence of a flat direction in the potential, corresponding to space translations of the 
kink. 

Non-zero modes have a typical scale of the order m. This means that, for perturbations 
such that 6E << m, these modes will scarcely be excited and, in this situation, an effective 
description of the system can naturally be made by focussing on the dynamics of the zero 
mode alone, i.e. in terms of the trajectory of the kink's center of mass. 

This sort of problem was originally addressed by Nielsen and Olesen [3] who realized 
that the dynamics of vortices can be approximately described by a string model. Soon 
after, Forster [4] introduced a covariant method to obtain the effective dynamics of these 
vortex lines, giving rise to the Nambu-Goto action in the zero-width limit. 

The outhne of the method, as one would apply it to the above system, is roughly the 
following. One should consider the degrees of freedom of the original field </?, in the kink 
sector, and split them between the massless and massive modes: 

ip ^ (1.6) 

where x'^(s) will describe in a covariant way the dynamics of the zero mode, i.e. the 
space-time location of the kink. In order to find an effective action for this zero mode 
one should "integrate" over the field 4>. In a classical regime this amounts to solving the 
equation of motion 

dS 

— [x,<p] = 0, ^ <P = <P[x{s)], (1.7) 

leaving x{s) as a sort of background field at this stage. The effective action will then be 
obtained by the substitution of this solution back into the action: 

S,s[x] = S[x,<P[x]]. (1.8) 



It is simple to show that any solution x*{s) derived from 5'eff[a;] gives rise, through 
the assignment (p* = (f)[x*] and the change inverse to (1.6), to a solution (p* of the original 
equations of motion obtained from S[(f\. 

Clearly, the lowest order contribution in S^e should be just a free particle term with 
a mass given by the kink's mass M^- It might be, however, that higher order corrections 
could also be present. Such corrections are expected to depend on the geometrical in- 
variants associated with the embedding x{s), i.e. the world-line's curvature in this case. 
These corrections would give rise to new solutions of the equations of motion beyond the 
free kink solution. These would no longer be lowest-energy solutions and the curvature 
terms would generally produce a non-trivial evolution for x{s). This non-trivial behavior 
for the zero mode should be regarded as the result of the dispute of this energy excess 
between the zero and the excited modes. 
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In recent years, and mainly within the context of domain walls, the evaluation of 
curvature corrections to the basic world- volume term has attracted the attention of several 
authors [5] [6] [7] , giving rise to some controversy over the way how these corrections should 
be computed.^ 

We make in this paper a close look examination of the steps involved in the standard 
application of this method for the computation of the effective action. Our main point is 
that a proper handling of degrees of freedom requires to supplement the splitting process 
(1.6) with a sort of gauge-fixing condition that prevents overcounting of zero modes. We 
also show that leaving this redundancy unfixed gives rise to unreliable results for the effec- 
tive action. For the sake of simplicity, we use the two-dimensional kink as an illustrative 
example, although the same conclusions apply for higher dimensional topological defects 
as well. 

The contents of the paper is organized as follows. In §2 we review the standard 
procedure of obtention of the effective action by applying it to our simple example (1.1). 
§3 contains a critical analysis of this method. We show that an unnoticed redundancy, 
a gauge symmetry in fact, slips in in the standard treatment of the splitting procedure 
(1.6), unless special boundary conditions are assumed on the equations of motion. We also 
derive the explicit form of these gauge transformations and introduce a natural gauge- 
fixing for them. A solution for the properly gauge- fixed equation of motion (1.7) is trivially 
found, implying that, in this new approach, the standard mass term alone is not just an 
approximate solution for the effective action, to leading order in 1/m, but it is actually 
an exact solution. We devote §4 to study further consequences of these new equations 
over whether curvature contributions may or may not arise under some circumstances. 
We finish the paper with a few words on the application of this method to general higher 
dimensional domain walls. 

§2 COVARIANT APPROACH TO THE EFFECTIVE DYNAMICS 

We review in this section the standard use of the effective action method by applying 
it to the two-dimensional model (1.1). 

The central idea [4] is to explicitly bring into the problem, in a covariant way, the 
variables describing the evolution of the defect. One can do it by first making a change of 
space-time coordinates from Minkowski variables to a new set of adapted coordinates. 
Part of these new coordinates parametrize the embedding of the defect in space-time while 
the rest correspond to space-like normal directions. 

Doing this for the simple two-dimensional case, one will be changing the space-time 

^ A shghtly different approach, which will not be touched upon here, focusses not on 
the effective action but directly on the obtention of the equations of motion governing the 
dynamics of the topological defect (see, for example, ref. [8]). 
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parametrization from x^) to {t, p) where both sets of coordinates are related by^ 

x" = x''{t) + pn^it). (2.1) 

Here x^^{t) is meant to describe the world-hne of the kink, regarding it as a point 
particle, while n^{t) is a normalized space-like vector, everywhere orthogonal to the unit 
tangent v^{t). They obey the following relations 

^ - = e^^'v,, (2.2) 

e at 

with e = Vx^ and eoi = +1. 

The geometrical interpretation of this change of variables is very simple. Given an 

arbitrary space-time point we can get the corresponding value for the parameter t as 
the one labeling the point x^{t) on the world-line which is closest to x^, and the value for 
p as the invariant distance between both points. 

The tangent and normal vectors v and n satisfy the Frenet equations: 

e at 

where /c, the (signed) curvature, may assume either positive or negative values. This is 
due to the definite orientation that we chose for in (2.2) which ensures that (t,p) will 
coincide exactly with {xP^x^) when x^{t) reduces to the world-line of a kink at rest on 
the origin. 

It is clear that the change of variables (2.1) cannot be well-defined everywhere on 
space-time unless the curvature k vanishes for all t. As we can see from the Jacobian, 
J = eA, with 

A = 1 + pA;, (2.4) 

we will be in trouble when trying to cover points farther away from the kink than 
the radius of curvature 1/k. The rationale for going ahead with these new variables 
relies on the Lagrangian (and all other dynamical functions) being relevant only on a 
small region surrounding the world-line x^{t). This will indeed be the case for field 
configurations departing very little (locally) from the kink solution, i.e. configurations 
for which the typical curvature scale satisfies \k\ « m. This is actually the regime we 
shall be concerned with. So, in this situation, (2.1) should be perfectly acceptable. 

^ Prom now on t does not necessarily stand for x^ but will represent an arbitrary para- 
metrization of the world- line x{t). We will also set hereafter the coupling constant A in 
(1.1) to 1 since it does not play any role for the on- going discussions. 
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One can now rewrite the action (1.1) with the help of these new coordinates, 



dsdp A 



(2.5) 



where we have used the proper-time parametrization of x^^{s) and have also defined 

0(s,p) = ip{xl^). 

With this form of the action one may now consider the equation of motion for 0: 



^ 9, ^ a, - ^ 9p A 9p + m2(02 - 1) = 0. 



(2.6) 



One can immediately check that the configuration 



0(s,p) = (A,(p) (2.7) 

will not be in general a solution of equation (2.6). It describes a kink-like configuration 
whose center is moving according to the world-line x{s) and whose profile, in the co- 
moving frame, is that of the static kink (1.4). Inserting (2.7) back into the action (2.5) 
one would get just the free particle action 

S-effM = -Mk j ds, (2.8) 

with a mass given by 




The failure of (2.7) to obey the (p equation of motion is in a term which is proportional 
to the curvature k. Of course, one cannot set k to zero because x^{s) are being kept as 
generic off- shell variables, but it leaves the door open for a perturbative analysis in the 
regime of small values of k. 

This sort of study, and its generalization to the case of higher dimensional domain 
walls, has been performed by various authors [6] [7] in recent years. The common idea was 
trying to get the explicit form of the curvature-dependent corrections to the free action 
(2.8) that would arise from corrections to (2.7), which was taken as the leading order 
solution for the equation of motion. 

Let us sketch the general features of this procedure. First, one assumes k being of 
a typical scale A, such that the ratio e — A/m he actually very small. This defines e as 
the natural expansion parameter and it also confines the analysis to the regime of very 
slightly curved x{s) where the change of variables (2.1) makes full sense. 
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A further, less intuitive, assumption is also issued. It forces the variation of along 
the s-direction to be of order e when compared to the variation along the p direction. 
This effectively makes the s-derivative term in (2.6) to be absent at leading order in the 
e expansion and it guarantees that the expansion 

= (/)(o) + e 0(1) + . . . (2.10) 

starts with the term 0(o) = ^k{p)- 

It is also straightforward to check that 0(1) should satisfy the inhomogeneous equation 

-dl 0(1) + m^^ifl - 1) 0(1) = Kip'^, (2.11) 

with k = e K. This implies that curvature corrections to (2.8) should be expected to arise 

because of the 0(i) contribution to the effective action. 

Several authors have attempted to solve this equation with the help of different ad- 
ditional assumptions but we will not pursue this approach any further. We have only 
sketched it for later comparison with the analysis that we shall develop in the next sec- 
tion. We address the interested reader to the original papers for further details about the 
above procedure. 

§3 Proper handling of zero modes 

The main goal of this paper is to point out several shortcomings of the methodology 
described in the previous section and (hopefully) correct them. 

First of all, we would like to recall that it is a standard assumption in the literature to 
take the trajectory x^{t) of the topological defect to be defined as the locus of zero-field 
space-time points, i. e. those satisfying 

<^(x-"(t))=0(t,O) = O, Vt, (3.1) 

the so-called core. This is a perfectly acceptable choice provided that the field (/? is (locally) 
a small perturbation from the standard kink solution because in this situation there will 
be a single curve x'^it) satisfying (p{x^{t)) = 0. However there is, in our opinion, a missing 
ingredient in the derivation of the equation of motion for in the way it has been presented 
in §2 and used in many recent contributions (see for example [6] [7]). This is because that 
derivation did not fully take into consideration the constraint imposed by (3.1). In other 
words, when using the variational principle to derive the equation of motion (2.6) the fact 
that S(f){t, p) should be zero for p = was not taken into account. The direct consequence 
of this omission is that equation (2.6), as it stands, is not completely correct. Indeed, 
being 50(t, 0) = 0, the variational principle is still satisfied even if the equation (2.6) is 
not obeyed at p = 0, implying that a non-analytic behavior of should be allowed at 
those points. We will devote the first part of this section to substantiate these statements. 
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By looking at the previous section it is immediate to realize that nowhere in the 
derivation of the equation of motion for was the explicit relation (3.1) between ip and 
x^{t) ever used. Consequently, we would have gotten the very same expressions for the 
action (2.5) and for the equation of motion (2.6), if that relation would have been different 
{i.e. if x^^{t) were no longer the core) or even if there were no relation at all between both 
objects {i.e. if x^{t) were an arbitrary space-time curve, totally unrelated with </?). This 
shows quite clearly the fact that, although one might be assuming ,T^(t) to be the core of 99, 
the subsequent steps followed to get the equation of motion did not take this restriction 
into account. In fact, a gauge symmetry — the ability to deform x'^{t) arbitrarily — has 
effectively slipped in. 

In order to show what arc the consequences of this gauge symmetry let us first obtain 
its explicit expression. We can get it by considering a generic infinitesimal deformation 
of the curve x{t) 

5x^'{t) = a{t) v^'{t) + f3{t) n^'{t). (3.2) 

Transformations generated by a correspond to world-line reparametrizations whereas /3 
will be associated with the actual deformations of its embedding in space-time. Symmetry 
transformations of the form (3.2) have been recently studied [9] in relation with the ge- 
ometry of W symmetry, with the result that infinitesimal deformations of two-dimensional 
curves have the algebraic structure of the standard classical limit of Zamolodchikov's W3 
algebra. 

We can also study how the coordinates {t, p) of a given space-time point are changed 
after we perform this deformation. Playing with the definition of the change of variables 
(2.1) and the relations (2.2) and (2.3) for the tangent and normal vectors one quickly 
arrives to 

a p $ 
e A 

5p^-(3. (3.3) 

The transformation for 0(t, p) is then simply a scalar field transformation induced by 
the change of coordinates (3.3) 




50(t, p) = -5t dt(l)-6pdp(l)= {- + ^\ dtct> + 13 dp(t>. (3.4) 



It is obvious that the action Sq[x,4)] in (2.5) is invariant under the gauge transfor- 
mations generated by (3.2) and (3.4) since it is just a rephrasal of >S'o[(/?], the original 
field-theoretical action, which is insensitive to any of these transformations. 

Imagine now that one would be able to find an exact solution 0[x(t)] of the equation 
of motion (2.6). Then, following the standard treament, upon inserting this solution back 
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into the action we should get an exact expression 5'cff[x] for the effective action. But, 
as we said earher, the very same expression should be obtained when using an arbitrary 
deformation of x^{t). So we have to conclude that the (exact) effective action that one 
would obtain in this way can be nothing but a trivial (a;(t)-independent) one or, at most, 
a "topological" one giving rise to no dynamics at all for x^{t). 

We can give a more explicit proof of this with the following simple argument. Consider 
the two Noether identities corresponding to the gauge transformations generated by a and 
13 in (3.2). Using deWitt condensed notation they read 

Substituting any solution </)[a;(t)] of the equation (2.6), (9S'o/90|^.(f) = 0, into these 
identities wc get that dSo/dx is orthogonal to both v and n, so it must be identically zero 
off-shell, i.e. for any curve x{t). This implies directly that the would-be effective action, 
'S'effH — Sq[x.i is in fact independent of x{t)\ 

-T^ = ^ + ^ = 0- 3.6 

ox ox 0(p ox 

It should be clear by now what was the source of trouble in this procedure. We were 
trying to find an effective action for the zero modes of the field and describe them in 
terms of x{t). But we have introduced x{t) without taking care to remove these degrees of 
freedom from the field itself. The result was an overcounting of zero modes that effectively 

rendered x{t) spurious. 

An obvious solution to this problem will be to add into the action a Lagrange multiplier 
enforcing the constraint (3.1). If one proceeds in this way the equation of motion (2.6) 
gets modified by the presence of a 5(p)-type inhomogeneous term on the right-hand-side. 
The consequence of this new contribution is to produce a non-analytic behavior for the 
field (j){t, p) a,t p — 0, the location of the core.^ 

Although this approach is technically and conceptually correct, one may well feel 
uneasy about this sort of singularities which have been originated by the choice of (3.1), 
defining x^{t) to be the core of the field 0. However, it is by no means mandatory that 
the worldlinc describing the kink should necessarily be the core of 0. This is because 
one has to assign a point-like trajectory a;'^(t) to the extended object described by and 

^ Although from a somewhat different perspective. Carter and Gregory [10] arrived also 
at the same conclusion, i.e. that the field need not satisfy the equation of motion at 
p — and that a non-analytic behavior should be expected at these points, when trying 
to find solutions of the lowest order equation of motion (2.11). 
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there is unavoidably some amount of freedom on how this can be done. In fact, an equally 
acceptable choice is given by the constraint 

X{t) = j dp m,p) - ifM) = 0, (3.7) 

which has been used earlier as the definition of the interface in condensed matter physics 
[11] [12]. This is because (3.7) enforces S(j) = (f>(t,p) — <fj({p) to have a null component in 
the "direction" of the zero mode ^p^{p). Thus, it ensures that the dynamics of the zero 
mode is no longer described in terms of the field (j){t, p) but in terms of the world-line 
variables xi^{t). In addition, it is not difficult to show that the curve x^{t) satisfying (3.7) 
actually coalesces with the core of the field for large values of the kink's mass. In this 
sense, (3.7) can be regarded as a smoother version of the constraint (3.1). 

Borrowing the language of gauge theories, we can say that (3.7) is just a gauge-fixing 
that wc use in order to eliminate the gauge freedom associated with deformations of the 
curve. Setting it will leave the reparametrizations of x{t) as the only remnant gauge 
symmetry in the theory. 

We need to make sure that this constraint places no actual physical restrictions to 
the model. We should then prove that (3.7) is a "good" gauge- fixing, meaning that it 
can always be reached with the help of a suitable gauge transformation. This can be 
rephrased as follows. Once a field configuration ip{x^) is given, there should be (at least, 
locally) a unique world-line such that (3.7) is satisfied. 

To show it, suppose that x{t) is infinitesimally away from obeying the constraint, so 
that we have 

j dp vMi<t>{t,p) - VM) = 5G{t). (3.8) 

Then we can perform a general deformation 5x{t) of the form (3.2) which, according to 
(3.3), is tied with a coordinate change (i, p) {i, p) = {t + St, p + Sp), that will take us 
there: 

J dp (p'^ {p) p) - (p)) = 

dp[ - €{p) m ] [ <^(^>p) - ^ap) + m ] 

= 5G{t) + m ^^{l-^j dp ^l{p) (0(i, p) - ^M)) = 0. (3.9) 

It might happen that the factor multiplying /3 in (3.9) could vanish for some value of t. 
This will not be the case, however, for configurations (/)(t, p) departing very little from 
(Pji{p) which is the regime we are considering throughout the paper. Therefore, we see 
from equation (3.9) that f3{t) is determined uniquely in terms of 5G{t) and (f){t,p). So 
we conclude that we can always find a (unique, up to reparametrizations) world-line 
x{t) — x{t) + Sx{t) for which the constraint (3.7) is satisfied. 
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We can impose (3.7) with a Lagrange multiplier g{s). So the appropriate action to 
consider will be 

S[x,(f),g]^ So[x,(f)] + J dsg{s)x{s), (3.10) 

from which we shall get the effective action for a;(s). 

The correct equation of motion for can now be obtained from (3.10) and is given by 

^ds^ds<P - ^dpAdp<P + m2(02 _ 1) _ ^ ^^(p) = 0, (3.11) 

together with the constraint (3.7). 

Equation (3.11) differs from (2.6) only in the last term, which depends on the Lagrange 
multiplier g{s). Its presence, however, has important consequences for the behavior of the 
solutions found, both quantitatively and qualitatively. 

Indeed, it is direct to show that the kink-like configuration 

<P{s,p) = ^M, 9{s) = -k{s), (3.12) 

is not just an approximate solution to leading order, as it was for the (non-fixed) equation 
(2.6) in §2. It is actually an exact solution of the new equation of motion (3.11) and, as 
we said, it corresponds to a kink at rest in a reference frame which is co-moving with the 
world-line x{s). It gives rise to the (also exact) effective action 

Ses[x] = -Mk J ds, (3.13) 

whose only extrema are no other but the standard freely moving kink solutions, i.e. those 
satisfying k — 0. 

In view of this solution a few comments are in order. First of all, we have obtained it 
without having to impose any particular behavior for the tangent and normal derivatives 
of (f). As we showed in the previous section, this was an assumption generally made (see 
for example rcf. [6]) when trying to solve the equation (2.6) perturbatively. Furthermore, 
for that equation the configuration (p = (pjf{p) was just an approximate solution, valid 
only to the leading order in an e expansion. Because of that, one expected, in addition to 
the basic mass term, higher order curvature corrections to be generated as well. On the 
contrary, the kink-like solution (3.12) obtained here is an exact solution of the properly 
fixed equation (3.11) for a generic "background" x{s). This implies that no curvature 
corrections need to be present and that the pure mass term (3.13) is already an exact 
expression for the effective action. 
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§4 Perturbations around kink-like solutions 



We have shown in the previous section that = (p) is a solution of tlic equation 
of motion (3.11), giving rise to no curvature terms in the effective action. However, this 
does not exclude the possibihty of having other solutions for that could give rise to 
new effective actions. This should not be a surprise because it is well-known [13] that 
the effective action method leads to expressions for Sqs which in general depend on the 
initial conditions imposed on the fields that have been eliminated. These different effective 
actions should be regarded as describing the system in different physical regimes, defined 
by the boundary or initial conditions that we set on the "integrated" field (f). 

The obvious way to seek new expressions for the effective action is to perturb around 
the kink-hke solution (3.12) and require Scf) to satisfy the linearized version of eq. (3.11). 

In this sense, it is reasonable to ask whether static (in the co-moving frame) pertur- 
bations to (3.12) can actually exist. If that were the case, we could expect the effective 
action to contain, in addition to the standard mass term, curvature-dependent corrections 
in S'eff[a;] that would account for the necessary energy increment in the co-moving frame. 

Consider a perturbation around the solution (3.12) 

0(p) = Vk{p) + ^M, 

g{s)^-k{s) + Sg{s), (4.1) 

where we assumed 50 not to depend on the proper-time s. The equation to solve, to the 
lowest order in 50 and Sg, is given by 

-1 dp A dp Sep + m2(3^2 _ 1) _ ^ ^/ = 0, (4.2) 



and subject to the constraint 



J dp <p'^ 5ct> = 0. (4.3) 



We know from the discussion in §2 that all our formulation will be correct only for the 
regime A fa 1. However, we keep for the moment an exact dependency on the curvature 
k{s) in order to account for a generic off-shell x{s). 

Using the orthonormal basis {|n)} defined by the eigenvalue equation 



+ (3<^i(p)-l) 



(4.4) 



dp2 

we can express 50 in the form 

5ct>{p) = Y,5an\n). (4.5) 

n>0 

The index n labels formally both the discrete and the continuous part of the spectrum. 
The explicit expressions for ujn and \n) can be found in [1][2], but we won't need them 
here. 
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Notice that, being |0) ~ (p^ the zero mode, the constraint (4.3) is satisfied in (4.5) 
by simply excluding from the expansion the n = component. The constant coefficients 
San should depend on the curvature in a non-local way, i.e. in terms of integrals of k{s) 
along the world-line x{s). By using the decomposition (4.5) we quickly obtain the formal 
expression for Sg{s), 

Sg{s) ~ k{s)J2Sar (0|(a;2p- (4.6) 
and a set of relations for the Sun coefficients. 



San + Hs) J2 ^(^r {n\ {uj^p - ^) |r) = 0, (4.7) 

for n > 0. The only s-dependency in these relations shows up in the factor k{s) in front 
of the second term. So, for example, deriving with respect to s will imply either San = 0, 
for all n, resulting in Scf) = Sg = 0, or k — 0. This second possibility, however, leads to 
the same conclusion. This is because, being k a constant in this case, we should be able 
to write a power series expansion 

San = Y,aij:hP (4.8) 

which, upon substitution in equation (4.7) implies again — for all p and n. 

Another, simpler, argument showing that 5(/>(p) must vanish goes as follows. Consider 
the expression of the momentum as obtained from the stress-energy tensor of the (p^ 
theory (1.1) and rewrite it in the (s,p) coordinates. Expanding around (3.12) we have 

\2 fXA'\2 ^2 



By restricting ourselves to perturbations of the form S(f){p) its expression will reduce to 

P^={Mk + SM)v^{s), (4.10) 

where SM does not depend on s. 

Because of translational invariance, the equations of motion for -Sefffx] are always given 
by = 0, the dynamical contents of the equation being hidden in the explicit expression 
of Pfj,. But it is clear that momentum conservation of (4.10) leads to free motion and that 
would be a globally static (in an appropriate frame) solution with a rest mass given by 
Mx + SM. However, we know that the standard kink solution, with a mass M^, is the 
only globally static solution in this topological sector. So it can only be that SM — 
which in turn implies S(f){p) — 0. 
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So wc have to conclude that there are no modifications to the standard mass term 
(3.13) induced by perturbations of the form (4.1). It is clear that more generic (s- 
dependent) perturbations could also be considered. This situation, however, is very likely 
to generate non-local expressions for the effective action 5'efj[a;] due to the explicit s- 
dependency induced by the solution obtained for 50. Again, this is not a surprise since 
non-locality is also a known feature of the effective action method in a generic setting. We 
address the interested reader to reference [13] by Arodz and W§grzyn where a detailed 
study of such type of problems can be found. 

At any rate, an important point that we want to convey here is that there is not a 
unique solution for this classical effective action. This is a consequence of the different 
boundary conditions that can be imposed on the "integrated" field (f) where each set of 
conditions will correspond to a different regime of the system. This issue was somehow ob- 
scured in the treatment described in §2 where very specific corrections to 9?^^ (p), governed 
to lowest order by eq. (2.11), seemed to be necessarily present. As we showed in §3 this 
is not really the case because (p) is in fact an exact solution. Then such perturbations 
actually satisfy an homogeneous equation and may or may not be present depending on 
the boundary conditions that are set on them. 

§5 Final comments 

We hope to have provided enough evidence that it is necessary to properly dispose 
of the redundancy introduced by the change of variables (2.1) in order to get meaningful 
results for the effective dynamics of zero modes. 

We have focussed in this paper on the simple two-dimensional kink for the sake of 
illustration, finding that the basic mass term is already an exact solution and that, in this 
case, no curvature corrections are present. However, it is clear that the analysis carried 
out here will apply as well in physically more interesting problems such as domain walls 
in higher dimensions, where the issue of curvature corrections can also be addressed. Here 
we shall only sketch the procedure. 

D-dimensional domain walls come out as solutions of the field theory (1.1) in {D + 1) 
dimensions. The analog of the coordinate change (2.1) will be in this case, 

x^" ^x''(a)+pn^(a), (5.1) 

where a;^((T") parametrizes the embedding of the domain wall in space-time. It gives rise, 
after a gauge- fixing analogous to (3.7), to an equation for the field 0(0", p) which is quite 
similar to (3.11). However, it can be shown that the configuration (p = iPn{p) is not an 
exact solution here, for arbitrary values of the extrinsic curvature. Fortunately, this can 
be solved by changing the gauge-fixing from the one used for the kink (3.7) to a new one 
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given by 

X(a)= J dpAV^(p)(0(<7,p)-<Ac(p)) = O. (5.2) 

where 

A=l + pK + ^^R + ..., (5.3) 

is the higher dimensional analog of (2.4). Changing the gauge-fixing amounts to picking 
up a slightly different space-time embedding a;(cr), to represent the location of the wall, 
once a field configuration (/?(x^) is given. It can be shown that this new gauge choice makes 
(j) = iPi^ (p) an exact solution of the (j) equation of motion. This implies that the standard 
Nambu-Goto action, together with extrinsic curvature contributions arising from (5.3), 
will also be an exact expression for the effective action. Now, just as we did for the kink 
in §4, it would be interesting to perturb this solution and check whether new curvature 
contributions can arise in this case. 
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